For a general mechanical system, it is shown that each solution of the Hamilton-Jacobi equation defines an N = 2 pseudo-supersymmetric extension of the system, such that the usual relation of the momenta to Hamilton's principal function is the 'BPS' condition for preservation of 1/2 pseudo-supersymmetry. The examples of the relativistic and nonrelativistic particle, in a general potential, are worked through in detail and used to discuss the relation to cosmology and to supersymmetric quantum mechanics.
Introduction
The reparametrization invariant dynamics of a Hamiltonian system with s degrees of freedom is determined by a Hamiltonian constraint on a (2s + 2)-dimensional phase space. Given local Darboux coordinates (X m ; P m ) (m = 0, 1, . . . , s), the Lagrangian takes the form L =Ẋ m P m − ℓ H (X; P ) , The constraint function H will be assumed to be a polynomial in the momenta P that is at most quadratic. This is the case of most interest and most others can be put in this form by increasing the dimension of the phase space. Thus,
for symmetric tensor field K(X), vector field J(X) and scalar potential function U(X).
If K is invertible it may be interpreted as the metric on a target space with local coordinates X. The case in which K is not invertible 1 is also of interest because this allows for some components of P to appear linearly, but then we must insist that v · J = 0 for any co-vector field v(X) in the kernel of K; in other word
Otherwise, there are components of P that do not appear in H, so their conjugate variables are constants and we may rewrite the model in terms of a lower-dimensional phase space. The action on the constraint surface, viewed as a function of X at a 'final' time, is Hamilton's 'principal' function:
from which we we deduce that P m = ∂ m S (m = 0, 1, . . . , s), (1.6) where ∂ m = ∂/∂X m . These equations typically yield first-order differential equations for X when combined with the equation of motion for P , so we will sometimes refer out' (in a path-integral formulation) but this still implies some contribution to the wave-function. The standard semi-classical wavefunction has the form ρ exp iS for some variable modulus ρ determined by quantum fluctuations, so one would expect the anti-commuting variables to contribute to ρ. This is indeed the case, and the net result is that ρ is constant: the quantum fluctuations of the new anti-commuting variables cancel the quantum fluctuations of the original model. In effect, the quantum theory of the pseudo-supersymmetric mechanics model is equivalent to classical mechanics of the original model! This is reminiscent of the reformulation of classical mechanics of Gozzi et al. [12, 13] but the details appear to be rather different; in part because of the central role of the Hamilton-Jacobi equation in the formalism presented here.
Particle Mechanics Examples
As an aid to understanding the general formalism to follow, it may help to keep in mind the case of a particle in a space of dimension s, which yields various possible mechanical systems with s degrees of freedom. We shall later consider the s = 1 case for (i) a relativistic particle and (ii) a non-relativistic particle. When needed, we use the following notation for the components of the phase superspace coordinates:
The momentum P is a co-vector in a 2-dimensional Minkoski spacetime with signature (−1, 1), and
The two cases to be considered later are defined as follows:
• Relativistic particle:
This illustrates the case in which K is non-degenerate and J = 0. For 2U = m 2 we have a free relativistic particle of mass m, but we will consider a more complicated potential that is relevant to cosmology.
• Non-relativistic particle:
This illustrates the case in which K is degenerate and J = 0. For t-independent potential we will write U = V (x).
The Formalism
We begin by supposing that (X; P ) phase space is the 'body' of a phase superspace with coordinates (X, Λ; P,Λ), where the anticommuting (s + 1)-vector Λ and (s + 1)-covectorΛ are canonically conjugate. We now allow for an extension of the Hamiltonian constraint function H on the (X; P ) 'body' of the phase superspace to a function H on the full phase superspace, and then consider a Lagrangian of the form
where (χ,χ) is a pair of real anticommuting Lagrange multipliers for a pair of constraints with real anti-commuting constraint functions (Q,Q). The Lagrangian itself is real because we adopt the convention that complex conjugation changes the order of anti-commuting quantities. It follows from this Lagrangian that the non-zero Poisson brackets of the dynamical variables are 13) and one may use this result to compute the Poisson brackets of the constraint functions, which must be in involution for consistency. We will require that the only non-zero Poisson bracket of constraint functions is
IfQ were the complex conjugate of Q then we would have a standard N = 2 supersymmetric extension of the model defined by (1.1). Instead, both Q andQ are real, so we have an N = 2 pseudo-supersymmetric extension. Each of the constraint functions generates a local symmetry. In particular, the infinitesimal pseudo-symmetry variations of any function Φ on the phase superspace are given by 15) where the real anticommuting parameters (ǫ,ǭ) are arbitrary functions of the arbitrary independent variable.
Principal function as Superpotential
We shall now re-interpret the HJ equation (1.7) as an expression for U in terms of a superpotential S. We may then rewrite the Hamiltonian constraint function in the factorized form
We now introduce a symmetric affine connexion Γ on the coordinate space such that both the tensor K and the vector J are covariantly constant:
When K is invertible, and interpreted as a metric, the first of these conditions implies that Γ is the usual Levi-Civita connexion, and the second condition is then a constraint on the allowed choices for J. The curvature tensor constructed from Γ is 18) and it satisfies the cyclic identity R m
[npq] ≡ 0. Now define 19) and consider the choice
It is obvious that {Q, Q} P B = 0, and a computation of {Q,Q} P B shows that this is zero too provided that
which is a consequence of the cyclic identity for invertible K. Finally, a computation of {Q,Q} P B shows that (2.14) holds with
As required, H → H when all anti-commuting variables are set to zero. To summarize: for every solution S of the HJ equation of some given mechanical model, we have an N = 2 pseudo-supersymmetric extension of that model in which Hamilton's principal function S is re-interpreted as a superpotential. There is something odd about this result: there was no restriction on the initial choice of potential U but we are now saying that it should be expressible in terms of a superpotential, so should this not restrict the potential in some way? The sharpest illustration of this 'paradox' is provided by the non-relativistic particle constrained to move on the x axis in a time-independent potential V (x). We shall be studying this example in detail; to anticipate, N = 2 pseudo-supersymmetry implies that V is given in terms of a superpotential W (x) by the formula 23) where E 0 is the particle's energy. Clearly, there are many potentials V that cannot be written in this form; for example, the harmonic oscillator potential V = x 2 . However, the potential V is only constrained if we assume that the superpotential W is defined for all values of x. There is no difficulty if we allow multi-valued superpotentials. In fact, the formula (2.23) is nothing other than the 'reduced' Hamilton-Jacobi equation for Hamilton's characteristic function W and, as is well known, the characteristic function has branch points at turning points of the motion. Thus, allowing for multi-valued superpotentials, a mechanical model has an N = 2 pseudo-supersymmetric extension for every solution of its HJ equation.
The BPS condition
Given a solution of the HJ equation, and hence an N = 2 pseudo-supersymmetric mechanics, we are faced with the problem of solving the constraints. One obvious way to do this is to set
Note that these equations are invariant under both pseudo-supersymmetries. This is obvious forQ and true for Q because of cancellations in the Poisson bracket with (P − ∂S). Another way to solve the constraints is to set
If K is non-invertible then this implies v m J m = 0 for v in the kernel of K, which contradicts (1.4), so this alternative is viable only if K is invertible, and in this case it is equivalent toP
In terms ofP the formula (2.16) becomes
from which we see that H is invariant underP → −P . This means that one gets equivalent physics by takingP → −P , but making this transformation in (2.26) we recover the condition P = ∂S. Generically, there are no other ways to solve the constraints. For example, if one tries to consider a combination of the two alternatives just discussed, setting to zero some of the components ofΛ and the complementary components of Λ, then one finds that the Hamiltonian constraint is not solved because there remain ΛΛ terms. This may not happen for special choices of S but then one expects additional symmetries, which plausibly render any additional possibilities equivalent to (2.24) . Given this, we conclude that the 'first-order' equations (1.6) are consequences of the pseudosupersymmetry constraints.
Although, the conditions (2.24) preserve both pseudo-supersymmetries, a generic solution of the equations of motion for (X, Λ) will break both of them. To see this, first note that,
for configurations satisfying (2.24), which shows that theQ pseudo-supersymmetry will be broken unless K∂S +J = 0. This condition cannot be met when K is non-invertible, because of (1.4), so in this case theQ pseudo-supersymmetry is broken for all solutions of the equations of motion. Secondly, note that
which shows that the Q pseudo-supersymmetry will be broken unless Λ = 0. Our primary interest is in the original model, with (X; P ) phase space, and solutions of this model are found from solutions of the pseudo-supersymmetric model by settting
Solutions of the equations of motion that have Λ =Λ = 0 initially will have Λ =Λ = 0 at all times, so we may consistently restrict attention to configurations of this type. In this case, the condition for partial preservation of pseudo-supersymmetry is that the variations of Λ andΛ vanish for non-zero ǫ or non-zeroǭ. The latter option is either not possible or equivalent to the former, so we assume thatǭ = 0. The only non-zero pseudo-supersymmetry variation is then
The condition for partial preservation of pseudo-supersymmetry is therefore P = ∂S. The 'first-order' equation (1.6) of the HJ formalism may thus be interpreted as a 'BPS' condition for preservation of 1/2 pseudo-supersymmetry. Note, however, that this interpretation is simply a consequence of the constraints that define the model and the restriction to configurations satisfying (2.31): all solutions of the original mechanical model are BPS solutions of its pseudo-supersymmetric extension.
Pseudo-Superspace
Superfield methods may be used to make the pseudo-supersymmetries manifest. This is easily done for the Q pseudo-supersymmetry because the corresponding 'supercovariant derivative' D satisfies D 2 ≡ 0, which can be realized as D = ∂/∂θ for independent real anticommuting variable θ. We now interpret X andΛ as superfields with θ-components
We also introduce the 'fermion number' superfield The other chargeQ, now viewed as a superfield, has θ-component
Now consider the Lagrangiañ
The Lagrange multipliers ℓ and χ are now superfields with θ-components
where q is a new commuting variable. One finds that, on omitting a total derivative, thatL
where L is the Lagrangian of (2.12). The new variable q therefore imposes a constraint of vanishing 'fermion' number. This constraint is satisfied automatically by the solution (2.24) of the pseudo-supersymmetry constraints, which explains why we did not have to consider it previously. Also, it is consistent to set q = 0, in which case we recover (2.12) directly.
We have now shown how the Q pseudo-supersymmetry may be made manifest. To do the same for theQ supersymmetry, the superfields X m andΛ m of the above discussion would have to be combined into a single N = 2 superfield depending on real anti-commuting variables θ andθ, but this will not be attempted here, in part because it is not obvious how to proceed when K is non-invertible.
Quantum Theory
Let us now consider the quantum theory of the N = 2 pseudo-supersymmetric extension of some model of mechanics. In contrast to the viewpoint adopted so far, the additional anti-commuting variables cannot be 'set to zero' at the end because they are now operators acting on Hilbert space. In particular, this means that Q,Q and H become operators (denoted by a 'hat') that span a superalgebra for which the only non-zero (anti)commutator is {Q,Q} = 2Ĥ . (2.40)
As a consequence, we have the operator identitieŝ
For standard supersymmetry,Q is the hermitian adjoint ofQ. For pseudo-supersymmetry, Q andQ are independent hermitian operators, given thatĤ is hermitian. However there are no nilpotent hermitian operators that act on a Hilbert space with positive definite norm. This might have been anticipated from the non-unitarity of pseudosupersymmetric field theories since one gets field equations from the first-quantization of particles. However, we set aside this difficulty for the moment. Upon quantization, the Poisson bracket relations of (2.14) become the (anti) commutation relations
which we may realize bŷ
It may be verified that the following operators are nilpotent:
Nilpotency ofQ is manifest andQ is nilpotent provided that where the dots indicate terms that are annihilated by ∂/∂Λ, and
The constraints are realized in the quantum theory by the following physical-state conditions on the wave-function Ψ(X, Λ):
These are the only independent physical-state conditions since they imply thatĤΨ = 0. We solve them along the same lines as for the classical theory. Specifically, the classical conditions (2.24) become the following constraints on the wavefunction:
for which the solution is Ψ = e iS(X) Ψ 0 (2.50) for constant Ψ 0 . This is a rather surprising result because it implies that Ψ has constant modulus; this is possible becauseĤ is not hermitian, despite the (formal) hermiticity of H. Another way of stating the above result is to observe that the effective action, after inclusion of quantum effects, equals the classical action, which means that the anticommuting variables cancel out the quantum fluctuations of the original variables. In effect, they allow a quantum description of a classical theory. This is what is also achieved by the formalism of Gozzi et al. [12, 13] which involves additional anticommuting variables that are interpreted as ghosts and anti-ghosts associated with a BRST and anti-BRST invariance. The phase superspace in that formalism has dimension (4s|4s) rather than (2s|2s), and there is no special role for the HJ equation, so it is unclear whether there is any connection to the formalism presented here. Nevertheless, the possibility of such a connection suggests that the pseudo-supersymmetry charges introduced here should be interpreted as BRST charges. In this case the superspace expression (2.37) shows that the Lagrangian is BRST exact, and hence that we are dealing with a 'topological' theory, as argued in [14] for the formalism of [12, 13] .
Relativistic Particle
whereΛ m = η mnΛ n . The only non-zero Poisson bracket of these functions is that of (2.14) provided that we choose
This corresponds to a potential given by
which is just the HJ equation for our model. We may solve the pseudo-supersymmetry constraints in two equivalent ways:
For either choice we may restrict to solutions of the equations of motion for which both Λ = 0 andΛ = 0, and in this case either the Q or theQ pseudo-supersymmetry will be preserved, according to whether P = ∂S or P = −∂S. The two possibilities are physically equivalent. Both pseudo-supersymmetries are preserved if (in addition) P = 0, but this is the 2-momentum of the vacuum.
Application to Cosmology
The assumptions of homogeneity and isotropy in a model of gravity coupled to scalar fields with potential V , in D spacetime dimensions, lead to an effective relativistic particle mechanics model with a Hamiltonian constraint of the form (1.10). In the conventions of [3] , the scale factor a is written as exp(βt), and the scalar potential of the effective particle mechanics model is
where k = −1, 0, 1 is the normalized curvature of spatial sections, and
There are two cases in which the resulting HJ equation may be solved by a separation of variables. The simplest is V = 0, in which case
The other case for which the HJ equation may be solved by separation of variables is k = 0, for which
where the 'comoving principal function' W is t-independent and satisfies the 'reduced
The equations (1.6) are now
Combining these with the equations of motion for E and p we arrive at the following first-order differential equations:
We have focused on cosmology but exactly the same analysis applies to domain walls. The effective action is the same, except for a flip of the sign of the potential, so an application of HJ theory to flat domain walls [15] leads again to the first-order equations (3.11) but with a 'reduced HJ equation' of opposite sign for V :
Remarkably, this formula coincides with the 'supergravity-inspired' formula for V introduced in [16, 17] ; in fact, for D = 3 it is the supergravity formula for V in terms of a superpotential W . In the context of supergravity domain walls, first-order equations consistent with (3.11) arise as 'BPS-type' conditions for the preservation of 1/2 supersymmetry [18, 19] , and they can be found precisely in the HJ form (3.11) by 'supergravity-inspired' methods [20, 21] . Specifically, they arise as integrability conditions for the existence of Killing spinors defined in the context of 'fake supergravity' [22, 23] . It was pointed out in [3] that this 'coincidence' between the HJ and fake supergravity approaches to domain walls also applies to cosmology but the (fake) Killing spinors become (fake) pseudo-Killing spinors, defined by an analytic continuation for which W → iW . As mentioned in the introduction, it has been shown recently that fake pseudo-Killing spinors may be 'genuine' Killing spinors of a 'pseudo-supergravity' theory, defined by analytic continuation of a standard supergravity theory to one with spinors obeying 'twisted reality' conditions.
Non-flat cosmology
It was shown in [3] that non-flat cosmologies are determined by the following first-order equations involving a complex superpotential Z:
These equation reduce to those of (3.10) when Z = W , which applies when k = 0.
One may ask what the relation of these equations is to the first-order equations of HJ theory,
If we try to combine (3.14) with (3.13), we arrive at the equation
However, the 1-form ω is not closed for k = 0; using eq, (4.16) of [4] , one finds that
It follows that (3.15) cannot be integrated to give a function S(t, x). An expression for S for k = 0 was found in [4] , but the construction assumed that one is given a solution of the equations of motion, in which case the variables (t, x) are not independent. For k = 1 cosmologies, the 'first-order equations that follow from (3.13) on using the equations of motion for E and p are integrability conditions for the existence of pseudoKilling spinors, and in this 'field theoretic' sense they may be interpreted as 'BPS' conditions 5 , as for k = 0. Again, there is a parallel story for domain walls, most of which came first; we focus here on cosmology for convenience of presentation, but there is one point that is easier to understand from the domain-wall perspective: we do not expect to find Killing spinors for 'de Sitter sliced' walls, and this corresponds to the statement that we should not expect to find pseudo-Killing spinors for k = −1 cosmologies. This is indeed the case, even though there are first order equations for any k This state of affairs should be contrasted with the particle mechanics BPS interpretation of the equations (3.14), which applies for all k. Moreover, in the particle mechanics BPS interpretation, the superpotential is real for all k, being identified with the 'comoving principal function' W .
These comments suggest that there is no simple general connection between the field theoretic BPS interpretation of the first-order equations for cosmology that arise from the existence of pseudo-Killing spinors and the 'intrinsic' BPS interpretation proposed here in the context of an N = 2 pseudo-supersymmetric extension of mechanics.
Non-relativistic particle
For a non-relativistic particle in a potential U(t, x), the pseudo-supersymmetric extension is found by choosing
where S(t, x) is a superpotential. The only non-zero Poisson bracket is that of (2.14) provided that we also choose
where 19) which is the HJ equation of our model. To satisfy the constraints we set
From the infinitesimal pseudo-supersymmetry transformations
we see that theQ pseudo-supersymmetry is necessarily broken. Provided that ψ = λ = 0, the Q pseudo-supersymmetry is preserved.
Time-independent potential
It will prove instructive to analyse in more detail the special case for which
for constant E 0 , and a function W that can be interpreted as Hamilton's "characteristic" function. In this case we have the t-independent Hamiltonian constraint function
where 25) which is the 'reduced' HJ equation appropriate for a principal function of the assumed form. The pseudo-supersymmetry constraint functions are now 26) and they generate the following infinitesimal pseudo-supersymmetry transformations:
The Lagrangian (2.12) transforms into a total derivative under these transformations provided the Lagrange multipliers are assigned the transformations
To simplify things we will now partially fix the local pseudo-supersymmetry transformations by the gauge choice
This leaves a residual invariance under the transformations of (4.27) for constant (ǫ,ǭ). We must therefore still impose the constraints Q = 0 andQ = 0 at some initial time, but they will then hold at all times as a consequence of the equations of motion. The advantage of this gauge choice is that we now have the much simpler Lagrangian.
We may further simplify by using the equations of motion of the conjugate pair (ψ,ψ), which imply that ψ = ψ 0 ,ψ =ψ 0 , (4.31)
for anti-commuting constants (ψ 0 ,ψ 0 ), together with the equations of motion of the conjugate pairs (t, −E):
Ultimately, one finds that the constant value of E must be E 0 and we shall now assume this in order to shorten the presentation. We now have the even simpler Lagrangian
where, from (4.24) and (4.25),
The pseudo-supersymmetry Noether charges are now
and they generate the transformations where H, which is still given by (4.34), may now be interpreted as the Hamiltonian. The gauge choice is again only partial because it leaves a residual invariance under rigid time translations, and this means that we must set H = 0 at some initial time, now as a zero-charge condition which holds at all times as a consequence of the equations of motion. The zero charge conditions may be solved in the same way that we previously solved the phase superspace constraints. We must arrange for Q = 0 andQ = 0 in such a way that one of the two pseudo-supersymmetries is preserved when all anticommuting variables are zero.
Although we could omit the transformation (4.37) on the grounds that this is an independent symmetry (trivially since the Lagrangian is independent of ψ 0 ) we will retain it for the moment as a relic of the asymmetry between Q andQ that is inherent in the physics of the non-relativistic particle: this asymmetry is due to a choice of positive rather than negative energy in taking the non-relativistic limit. In this case, the symmetry generated byQ is necessarily broken, so we must preserve the symmetry generated by Q, and this requires
We see that the equation relating the momentum to Hamilton's characteristic function is a BPS condition for 1/2 pseudo-supersymmetry. This should be combined with the equation (4.25) for V in terms of the superpotential W , which we may rewrite as
and interpret as the reduced HJ equation for Hamilton's characteristic function W in terms of V . There is a solution only for E 0 > V so if V is unbounded from above there is no choice of E 0 for which W (x) is defined for all x. This is of course a well known result in mechanics. The corresponding result for superpotentials, and its implications in the context of supersymmetric domain walls was recently discussed in [11] .
Relation to supersymmetric mechanics
If we eliminate p from the Lagrangian (4.39) by using its equation of motion p =ẋ, then we arrive at the equivalent Lagrangian
which is invariant under the N = 2 pseudo-supersymmetry transformations
This is similar to a model of N = 2 supersymmetric mechanics, but with 'wrong sign' potential, In fact, it is related to N = 2 supersymmetric mechanics by complex analytic continuation, as we now explain. Complexify all the dynamical variables (x, λ,λ). The result is a complex Lagrangian, but one that depends analytically on them, and it remains invariant under the transformations (4.43) with complixified (ǫ,ǭ), which are now analytic transformations. Clearly, we recover the original Lagrangian on restricting all fields to be real, but we may now ask whether there is some other way to get a real Lagrangian 8 . If there is, it must involve an analytic continuation of the real variables of (4.42). Consider the analytic continuation that effects W → iW . This yields the new Lagrangian
This is again real provided we choose λ to be complex with complex conjugateλ. The same analytical continuation of the transformations (4.43) yields
where ǫ is now a complex parameter with complex conjugateǭ. This is now a standard N = 2 supersymmetric mechanics model with superpotential W .
Discussion
We have derived the Hamilton-Jacobi formulation of mechanics by considering the possible N = 2 locally pseudo-supersymmetric extensions of reparametrization invariant Lagrangians for mechanical systems for which the Hamiltonian is no more than quadratic in momenta, as can usually be arranged. The Hamilton-Jacobi equation arises as a condition for pseudo-supersymmetrizability, with the superpotential taking the role of Hamilton's principal function; one need not worry about the fact that there may not always be a solution because the superpotential is allowed to be multi-valued, with branch points, and there is no superpotential only when there is no real solution of the Hamilton-Jacobi equation. The 'first-order' equations of the HJ formalism relating the momenta to Hamilton's principal function arise as solutions to the constraints associated to the local symmetries, and if one sets all anti-commuting variables to zero then these constraints may be interpreted as BPS conditions arising from the preservation of 1/2 pseudosupersymmetry. This is very likely related to a 'field theoretic' BPS interpretation that arises from consideration of pseudo-Killing spinors in cosmological spacetimes for flat universes, which can be realized in some cases as supersymmetric solutions of pseudo-supergravity theories. However, a comparison with results of this 'field theoretic' BPS interpretation for non-flat cosmologies makes it appear unlikely that there is any simple general relation. One possible route to a further investigation of this point would be to extend the considerations of this paper to mechanical models with an infinite number of degrees of freedom. After all, a field theory can be viewed as a model of mechanics on an infinite-dimesional space. From this perspective, the results obtained here should also apply to field theory, although functions such as Hamilton's principal function then become functionals.
It was stated in the introduction that the pseudo-supersymmetric formulation of HJ theory makes it clear why the HJ equation is equivalent, if taken together with the 'first-order' equations that define the momenta, to the Hamilton equations of motion. The reason is that in a reparametrization-invariant formalism, as used here, all the dynamics is encoded in the constraints. Thus, the dynamics of the model defined by (1.1) is encoded in the Hamiltonian constraint function H. However, to get to the HJ equation we had to use the relations (1.6) for the momenta in terms of the principal function, and this needs a separate motivation (e.g. involving considerations of canonical transformations). In contrast, these relations are implied by the constraints in the pseudo-supersymmetrized model, while the model itself is determined by a solution of the HJ equations. Solutions of the original model are then found as solutions of the pseudo-supersymmetry constraints with vanishing anti-commuting variables, all of which preserve (at least) 1/2 of the pseudo-supersymmetry. We thus have a correspondence between solutions of the Hamilton equations (1.2) and solutions obtained by integration of the 'BPS' equations, alias the 'first-order' equations (1.6), for a given a solution of the HJ equation.
Classical mechanics has been the focus of this work but it is natural to ask whether the anti-commuting variables arising from pseudo-supersymmetry have a role to play in the quantum theory. On the one hand, this seems to ruled out by the impossibility of a realization of the quantum pseudo-symmetry algebra via operators acting on a Hilbert space with positive definite norm. On the other hand, a simple computation of the wavefunction shows that the effect of the anti-commuting variables is to cancel the quantum fluctuations of the original variables, so the model is effectively still classical. This suggests a possible BRST interpretation of the pseudo-supersymmetry algebra, as in the formalism of Gozzi et al. [12, 13] , which has some features in common with the formalism presented here. It would be satisfying if the two formalisms could be related; in any case, a better understanding of the quantum theory is clearly desirable. In view of the many insights into quantum mechanics provided by supersymmetric quantum mechanics (see e.g. [26] ) it seems reasonable to hope that quantum pseudosupersymmetric mechanics will be useful too.
